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The main purpose of this work is to distinguish various holographic type dark energy (DE) models, including the ΛHDE, HDE,
NADE and RDE model, by using various diagnostic tools. The first diagnostic tool is the Statefinder hierarchy, in which the
evolution of Statefinder hierarchy parmeter S (1)3 (z) and S
(1)
4 (z) are studied. The second is composite null diagnostic (CND), in which
the trajectories of {S (1)3 , } and {S (1)4 , } are investigated, where  is the fractional growth parameter. The last is w−w′ analysis, where
w is the equation of state for DE and the prime denotes derivative with respect to lna. In the analysis we consider two cases: varying
current fractional DE density Ωde0 and varying DE model parameter C. We find that: (1) Both the Statefinder hierarchy and the
CND have qualitative impact on ΛHDE, but only have quantitative impact on HDE. (2) S (1)4 can lead to larger differences than S
(1)
3 ,
while the CND pair has a stronger ability to distinguish different models than the Statefinder hierarchy. (3) For the case of varying
C, the {w,w′} pair has qualitative impact on ΛHDE; for the case of varying Ωde0, the {w,w′} pair only has quantitative impact; these
results are different from the cases of HDE, RDE and NADE, in which the {w,w′} pair only has quantitative impact on these models.
In conclusion, compared with HDE, RDE and NADE, the ΛHDE model can be easily distinguished by using these diagnostic tools.
Key words: dark Energy, cosmology, cosmological constant
PACS number(s): 95.36.+x, 98.80.Ck, 98.80.Es.
Citation: Ze Zhao, & Shuang Wang Diagnosing HDE models. Sci China-Phys Mech Astron, 2017, ??: ??, doi: ??
1 Introduction
Various astronomical observations, such as Type Ia Super-
novae (SN Ia) [1, 2], cosmic microwave background (CMB)
[3–6] and baryon acoustic oscillations (BAO) [7,8], all imply
that the universe is expanding at an increasing rate. Dark
energy (DE) [9–12] is the most promising way to explain
the accelerating expansion of the universe. So far, although
vast amounts of theoretical DE models have been proposed
[13–23], the nature of DE is still in dark.
In essence, DE problem may be an issue of quantum grav-
ity. It is commonly believed that the holographic principle
(HP) [24, 25] is one of fundamental principles in quantum
gravity. In 2004, Li proposed the so-called holographic dark
energy (HDE) model [26], which is the first DE model in-
spired by the HP. This model is in very good agreement with
current observational data [27–33] and has drawn a lot of at-
tention in recent 10 years [34–41]. In addition to HDE, some
other HP-inspired DE models have also been proposed, such
as the new agegraphic dark energy (NADE) model [42] and
the Ricci dark energy (RDE) model [43]. For a latest review
about the DE models inspired by the HP, see Ref. [44]
As is well known, baryonic matter contains various com-
ponents. In addition, dark matter can be mixed by diverse
constituents [45]. Therefore, it is reasonable to consider dark
energy as a combination of various components. In a recent
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work [46], a new DE model called ΛHDE was proposed, in
which DE consists of two parts: cosmological constant Λ and
HDE. As far as we know, this is the first theoretical attempt
to explore the possibility that DE contains multiple compo-
nents. Making use of observational data, Wang et al. con-
strained parameter space of ΛCDM, HDE and ΛHDE [47],
and found that it is difficult to verify whether DE contains one
constituent only or not. Hence, in this paper, we adopt var-
ious diagnostic tools to discriminate ΛHDE from other DE
models.
In detail, we diagnose holographic type DE models with
three diagnostic tools including the Statefinder hierarchy,
composite null diagnostic (CND) and w − w′ analysis. The
Statefinder hierarchy [48] is an upgraded version of the origi-
nal Statefinder diagnostic [49,50] due to taking higher deriva-
tives of the cosmic scale factor a(t) into account. CND is a
combination of the Statefinder hierarchy and the fractional
growth parameter. w − w′ analysis is proposed in [51], in
which the evolution of w′ versus the equation of state w is
studied.
These three diagnostic tools have been employed to di-
agnose various DE and modified gravity models [52–54].
However, these research works didn’t discuss the ΛHDE
model. Although Zhou and Wang diagnosed ΛHDE with
the Statefinder hierarchy and CND [55], they didn’t com-
pare the results of ΛHDE with other holographic type DE
models. Besides, previous works didn’t make use of w − w′
analysis, which is also effective on distinguishing different
DE models. Therefore, in this paper, we diagnose the ΛHDE
model and other holographic type DE models by using not
only the Statefinder hierarchy and CND, but also w−w′ anal-
ysis. Moreover, we also consider two different cases in diag-
nostic: one is adopting different values of Ωde0, and the other
is varying an numerical parameter C, for the corresponding
models.
This paper is organized as follows. In Sec. 2and Sec. 3, we
briefly review a series of holographic type DE models and
various diagnostic tools, respectively. In Sec. 4, we present
the results of diagnosing the ΛHDE model compared with
different holographic type DE models. Conclusions and dis-
cussions are given in Sec. 5.
2 Holographic type dark energy models
For all the diagnostic methods mentioned in this paper,
we only focus on the low-redshift region, so we can ne-
glect the weak effects of radiation and curvature terms from
the Hubble parameter. Namely, we consider a spatially
flat Friedmann-Robertson-Walker (FRW) universe contain-
ing matter and DE only. Then, the Friedmann equation takes
the form
H2 =
1
3M2p
(ρm + ρde), (1)
where H = a˙/a is the Hubble parameter (the dot denotes the
derivative with respect to time t), Mp = (8piG)−1/2 is the re-
duced Planck mass, ρm and ρde are the energy densities for
matter and DE, respectively.
According to the holographic principle, the density of
HDE is defined as
ρde = 3C2Mp2L−2, (2)
where C is a numerical parameter, and L is the largest in-
frared (IR) cutoff. Choosing different L will yield different
holographic type DE models, and we mainly introduce four
types, including the HDE, ΛHDE, NADE and RDE models,
as below.
2.1 The HDE model
In the original HDE model [26], the density of HDE is
ρde = 3C2M2pL
−2, and the IR cutoff is taken as the future
event horizon given by
L = a
∫ +∞
t
dt
a(t)
= a
∫ ∞
a
da′
Ha′2
. (3)
The fractional density of HDE satisfies the differential equa-
tion below.
Ω′de = Ωde(1 −Ωde)
(
1 +
2
C
√
Ωde
)
, (4)
where the prime denotes derivative with respect to ln a. And
the equation of state (EoS) of HDE is given by
w ≡ pde
ρde
= −1
3
− 2
3C
√
Ωde. (5)
2.2 The ΛHDE model
As mentioned above, the ΛHDE [46] model consists two con-
stituents. One is the cosmological constant Λ, the other is the
original HDE part. Accordingly the energy density of ΛHDE
is given by
ρde = ρΛ + ρhde = M2plΛ + 3C
2M2pL
−2, (6)
where the IR cut-off length scale L takes the same form as the
HDE model.
The fractional density of ΛHDE is the solution of the fol-
lowing differential equation:
d
dx
ln
∣∣∣∣∣ Ωhde1 −Ωhde
∣∣∣∣∣ = 2C √Ωhde − ddx ln |g(a)|, (7)
where g(a) defined by g(a) ≡ Ωm0H20a−1 + ΩΛ0H20a2, ΩΛ0 =
ρΛ0/ρc0 is the initial fractional cosmological constant density,
Ωm0 = ρm0/ρc0 is the initial fractional matter density, and
ρc0 = 3M2pH0
2 is the present critical density of the universe.
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According to Dalton’s law of partial pressures, the EoS of
ΛHDE is given by
wde =
pde
ρde
=
phde + pΛ
ρhde + ρΛ
=
whdeΩhde −ΩΛ
Ωhde + ΩΛ
. (8)
where the EoS of the HDE takes the original form (Eq. 5),
namely, whde = − 13 − 23C
√
Ωhde.
2.3 The NADE model
The density of NADE [42] is ρde = 3n2M2pη
−2, where n is a
numerical constant introduced, and the IR cutoff is chosen as
the conformal time given by
η =
∫ a
0
da′
Ha′2
. (9)
The fractional density of NADE is described by the following
differential equation:
Ω′de = Ωde(1 −Ωde)
(
3 − 2
na
√
Ωde
)
, (10)
where the prime denotes derivative with respect to ln a with
the initial condition Ωde(zini) = n2(1 + zini)−2/4 at zini = 2000.
And the EoS of NADE is given by
w = −1 + 2
3na
√
Ωde. (11)
2.4 The RDE model
The density of RDE [43] is ρde = 3αM2p(

H +2H2), where α
is a dimensionless parameter, and the IR cutoff is related to
Ricci scalar curvature given by
L =
√
−6
R , (12)
where the Ricci scalar curvature is R = −6( H +2H2). THe
fractional density of RDE is
Ωde =
1
E2
(
α
2 − αΩm0e
−3x + f0e−(4−
2
α )x
)
, (13)
where E2 = Ωm0e−3x + α2−αΩm0e
−3x + f0e−(4−
2
α )x and f0 =
1 − 22−αΩm0 is an integration constant calculated by using the
initial condition E0 = 1. And the EoS of RDE is given by
w =
α−2
3α f0e
−(4− 2α )x
α
2−αΩm0e
−3x + f0e−(4−
2
α )x
. (14)
3 The diagnostic methodology
3.1 The Statefinder hierarchy
The Statefinder hierarchy is an impactful geometry diagnos-
tic, which extends and improves the original Statefinder diag-
nostic by using high-order derivatives of scale factor in order
to distinguish diverse DE models more effectively.
We Taylor-expand the the cosmic scale factor around the
present epoch t0 aimed at deriving the expression of the
Statefinder hierarchy:
a(t)
a0
= 1 +
∞∑
n=1
An(t0)
n!
[H0(t − t0)]n, (15)
where
An =
a(t)(n)
a(t)Hn
, n ∈ N, (16)
with a(t)(n) = dna(t)/dtn. Note that A2 = −q is the nega-
tive value of the deceleration parameter and A3 represents the
original Statefinder parameter r [56]
For the ΛCDM model, we can easily get:
A2 = 1 − 32Ωm, (17)
A3 = 1, (18)
A4 = 1 − 92Ωm, (19)
A5 = 1 + 3Ωm +
27
2
Ω2m, etc., (20)
In order to let every parameter of the Statefinder hierarchy S n
remain unity in ΛCDM model during whole cosmic evolution
(S n|ΛCDM = 1), we redefine S n as
S 2 = A2 +
3
2
Ωm, (21)
S 3 = A3, (22)
S 4 = A4 +
9
2
Ωm, (23)
S 5 = A5 − 3Ωm − 272 Ω
2
m, etc. (24)
Since when the hierarchy number n is greater than or equal
to three, Ωm = 23 (1 + q) for ΛCDM. The expression of
Statefinder hierarchy can be rewritten in the following form:
S (1)3 = A3, (25)
S (1)4 = A4 + 3(1 + q) (26)
S (1)5 = A5 − 2(4 + 3q)(1 + q), etc., (27)
where the superscript (1) is to distinguish S (1)n from S n. It is
obvious that S (1)n is equivalent to one for the ΛCDM model
(S (1)n |ΛCDM = 1). S (1)3 and S (1)4 are the main objects to study in
this paper. We discriminate and diagnose various holographic
type DE models by analyzing the evolution of S (1)3 and S
(1)
4
with redshift.
Ze Zhao, et al. Sci China-Phys Mech Astron ?? (2017) Vol. ?? No. ? ??-4
3.2 Composite null diagnostic
The composite null diagnostic is a combination (CND) of the
Statefinder hierarchy S (1)n and the fractional growth parameter
(z) [57] which can also be used as a null diagnostic defined
as
(z) =
f (z)
fΛCDM(z)
, (28)
where f (z) = d ln δm/d ln a is the growth rate of the linear
density perturbation [58]. And δm is we called the pertur-
bation of the matter density defined as δm = δρm/ρm which
satisfies the following differential equation [59]:
δ¨m + 2
a˙
a
δ˙m − 12M2p
ρmδm = 0, (29)
where the dot denotes the derivative with respect to time t.
We can write down the one-order and two-order derivatives
of δm with respect to time t into the following form:
δ˙m = f Hδm, (30)
δ¨m = ( f˙ H + f H˙ + f 2H2)δm. (31)
Substituting Eqs. (30) and (31) into Eq. (29), we can have
the first-order differential equation of f :
d f
dz
=
f 2 + 2 f − f1(z)
1 + z
− dH/dz
H
f , (32)
where f1(z) = ρm/H2 =
3Ωm0(1+z)3
2E2 , and the present-day frac-
tional matter density Ωm0 = 1 − Ωde0. Combing with the
initial assumed condition f (z = ∞) = 0, this equation can be
numerically solved for different DE models. And after sub-
stituting the expression of f back to Eq. (28), we get the the
fractional growth parameter. In this paper, we mainly analyze
two CND pairs which is {S (1)3 , } and {S (1)4 , }. We plot the tra-
jectories of S (1)n () for diverse DE models and in the S
(1)
n − 
plane, we can directly measure the difference of different DE
models.
3.3 w − w′ analysis
The function w is a state parameter characterizing the dark
energy model defined as w ≡ pde/ρde. and after taking deriva-
tive of w with respect to lna, we get
w′ =
dw
dlna
. (33)
We analyze the evolution of w and w′, and then study the
influence of different model parameters on the evolution tra-
jectories of {w,w′} [51]. In w − w′ plane, the ΛCDM model
is a single point at (-1,0) due to the fact that the state of cos-
mological constant is equivalent to minus one.
4 Results
As mentioned before, we use the Statefinder hierarchy, com-
posite null diagnostic and w−w′analysis to distinguish differ-
ent holographic type DE models. In addition, we also com-
pare the evolutionary results of ΛHDE with ΛCDM, HDE,
NADE and RDE. In particular, We consider two different
cases: (1) varying Ωde0 among 0.5, 0.6, 0.7 and 0.8 while fix-
ing C = 0.6; (2) varying C among 0.2, 0.4, 0.6 and 0.8 while
fixing Ωde0 = 0.7 (for ΛHDE, also need fixing ΩΛ0 = 0.4).
4.1 Analysis of the Statefinder hierarchy
In this section, we mainly focus on diagnosing ΛHDE with
the Statefinder hierarchy. Moreover, we give the correspond-
ing results of HDE for comparison.
Fig. 1 shows the evolutionary trajectories of S (1)3 (z) for
HDE (left panels) and ΛHDE (right panels), with varying
Ωde0 (upper panels) and varying C (lower panels). For
the evolution of S (1)3 (z) in the ΛHDE model, the differen-
tiation of curvilinear shape is more distinct than the orig-
inal HDE. Specifically, for the case of varying Ωde0 or C
in HDE (left panels), all the curves of S (1)3 (z) have similar
evolutionary trajectories, and the trend of curves S (1)3 (z) is
monotonic decreasing at the beginning of region of redshift
and then closely degenerate into ΛCDM together. These re-
sults indicate that adopting different values of Ωde0 or C only
has quantitative impacts on the cosmic evolution of S (1)3 for
HDE. As for ΛHDE, when Ωde0 equals to 0.7 and 0.8, the
curves of S (1)3 (z) still have similar evolutionary trend, but for
Ωde0 = 0.5, 0.6, the curves of S
(1)
3 (z) evolves towards an op-
posite direction (upper-right panel). In addition, when C in-
crease from 0.6 to 0.8, the evolutions of S (1)3 (z) change into
the opposite direction (lower-right panel). This means that,
adopting different values of Ωde0 or C has qualitative impacts
on the evolution of S (1)3 (z) for ΛHDE.
In Fig. 2, we plot the evolutions of S (1)4 versus redshift z for
the HDE model (left panels) and the ΛHDE model (right pan-
els), with varying Ωde0 (upper panels) and varying C (lower
panels). The evolutionary trajectories of S (1)4 (z) show similar
characteristic as the curves of S (1)3 (z). These results show that
adopting different values of Ωde0 has qualitative impacts on
the cosmic evolution of the ΛHDE model. Therefore, as can
be seen in Fig. 1 and Fig. 2, the differentiation of curvilinear
shape between different values of parameters for the ΛHDE
model is more distinct than the original HDE model.
Table 1 and Table 2 show the present values of the
Statefinder hierarchy pairs, S (1)3t0 and S
(1)
4t0
, and their maximum
differences,∆S (1)3t0 and ∆S
(1)
4t0
, for HDE and ΛHDE with vary-
ing Ωde0 and varying C. Note that ∆S
(1)
3t0
= S (1)3t0 (max) −
S(1)3t0 (min) and ∆S
(1)
4t0
= S (1)4t0 (max) − S
(1)
4t0
(min) within each
model. As showing in Table 1, for the case of adopting differ-
ent values of Ωde0, we have ∆S
(1)
4t0
= 3.13 > ∆S (1)3t0 = 1.25 for
HDE and ∆S (1)4t0 = 0.4 > ∆S
(1)
3t0
= 0.29 for ΛHDE. Showing in
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Figure 1 Evolutions of S (1)3 versus redshift z for the HDE model (left panels) and the ΛHDE model (right panels), with varying Ωde0 (upper panels) and
varying C (lower panels). Note that the result of the ΛCDM is also plotted as a solid horizontal line for comparison.
HDE (C = 0.6) ΛHDE (ΩΛ0 = 0.4,C = 0.6)
Ωde0 0.5 0.6 0.7 0.8 0.5 0.6 0.7 0.8
S (1)3t0 1.79 2.18 2.60 3.04 0.92 0.93 1.03 1.21
S (1)4t0 3.27 4.17 5.20 6.40 1.04 1.04 1.16 1.44
∆S (1)3t0 1.25 0.29
∆S (1)4t0 3.13 0.40
Table 1 The present values of the Statefinder hierarchy pairs S (1)3t0 , S
(1)
4t0
and their maximum differences, ∆S (1)3t0 and ∆S
(1)
4t0
, for HDE and ΛHDE with varying
Ωde0, where ∆S
(1)
3t0
= S (1)3t0 (max) − S
(1)
3t0
(min) and ∆S (1)4t0 = S
(1)
4t0
(max) − S(1)4t0 (min) for each model.
HDE (Ωde0 = 0.7) ΛHDE (ΩΛ0 = 0.4,Ωhde0 = 0.3)
C 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
S (1)3t0 25.99 6.10 2.60 1.44 5.75 1.71 1.03 0.82
S (1)4t0 278.19 24.69 5.20 1.91 38.55 3.28 1.16 0.98
∆S (1)3t0 24.55 4.93
∆S (1)4t0 276.28 37.57
Table 2 The present values of the Statefinders hierarchy pairs S (1)3t0 , S
(1)
4t0
and their maximum differences, ∆S (1)3t0 and ∆S
(1)
4t0
for HDE and ΛHDE with varying
C, where ∆S (1)3t0 = S
(1)
3t0
(max) − S(1)3t0 (min) and ∆S
(1)
4t0
= S (1)4t0 (max) − S
(1)
4t0
(min) for each model.
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Figure 2 Evolutions of S (1)4 versus redshift z for the HDE model (left panels) and ΛHDE model (right panels), with varying Ωde0 (upper panels) and varying
C (lower panels). Note that the result of the ΛCDM model is also plotted as a solid horizontal line for comparison.
Table 2, for the case of varying C, ∆S (1)4t0 = 276.28 > ∆S
(1)
3t0
=
24.55 for HDE and ∆S (1)4t0 = 37.57 > ∆S
(1)
3t0
= 4.93 for ΛHDE.
The data from these tables 1 and 2 all indicates that ∆S (1)4t0 is
remarkably larger than ∆S (1)3t0 . Therefore, compared with S
(1)
3 ,
S (1)4 can give larger differences among the cosmic evolutions
of the holographic type DE models associated with different
ΩΛ0 or different C which makes us easier to distinguish dif-
ferent theoretical models.
4.2 Analysis of the composite null diagnostic
Since using one single diagnostic tool can analyze and
present one-side information of cosmic evolution only, ap-
plying CND can make use of both geometrical and matter
perturbational information of cosmic evolution. To diagnose
diverse theoretical DE models with the CND pairs, {S (1)3 , }
and {S (1)4 , }, first we analyse the evolution of the fractional
growth parameter (z).
Fig. 3 is the evolutionary trajectories of  versus redshift
z for HDE (left panels) and ΛHDE (right panels), with vary-
ing Ωde0 (upper panels) and varying C (lower panels). The
evolutionary trajectories of (z) has similar characteristic as
the curves of S (1)3 (z) and S
(1)
4 (z). For instance, while adopt-
ing different Ωde0, all the curves (z) of HDE have convex
vertices at low-redshift region and descend monotonically at
higher-redshift (left panels), but for ΛHDE, the curves of (z)
change from the shape of having convex and concave vertices
to having concave vertices only while decreasing the values
of Ωde0 (right panels). These results show that adopting dif-
ferent values of Ωde0 or C has qualitative impacts on the cos-
mic evolution of the ΛHDE model. As can be seen in Fig. 1,
Fig. 2 and Fig. 3, for ΛHDE, the differentiation of curvilinear
shape between different values of parameters is more distinct
than the original HDE model.
Fig. 4 and Fig. 5 are using the CND method to distin-
guish different DE models. Except analysing the Statefinder
hierarchy pairs S (1)3 and S
(1)
4 , CND method make use of frac-
tional growth parameter  at the same time. As we have
shown before, the trajectories of (z) have different evolution
while adopting different values of Ωde0 orC. This means that,
during the cosmic evolution, CND method contains more in-
formation of difference between varying parameter. Com-
pared with S (1)3 (z) (Fig. 1), S
(1)
4 (z) (Fig. 2) and (z)(Fig.3),
CND pairs have significantly different evolutionary trajecto-
ries (Fig. 4 and Fig. 5), which can be used to distinguish
various DE models more evidently.
In Fig. 4, we plot the evolution of the CND pair {S (1)3 , }
for HDE (left panels) and ΛHDE (right panels), with varying
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Figure 3 Evolutions of  versus redshift z for the HDE model (left panels) and ΛHDE model (right panels), with varying Ωde0 (upper panels) and varying C
(lower panels). Note that the result of the ΛCDM model is also plotted as a solid horizontal line for comparison.
ΩΛ0 (upper panels) and varying C (lower panels). Specifi-
cally, for the cases of varying Ωde0 or C in HDE (right pan-
els), the curves of CND pairs only have quantitative differ-
ences: at high-redshift region, all curves of {S (1)3 , } are close
to the shape of reverse spiral which starts from the neigh-
bourhood of the hexagram symbol for ΛCDM, then evolves
towards the direction of the decrease of  and S (1)3 , after pass-
ing a turning point, it continues evolving towards the direc-
tion of the increase of  and the increase of S (1)3 (left pan-
els). On the other side, for ΛHDE, the curves of CND pairs
{S (1)3 , } have qualitative differences: the curve for Ωde0 = 0.8
(upper-right panel) has an analogous shape of evolutionary
trajectory in HDE. In contrast, while Ωde0 decreasing to 0.5
and 0.6, the trajectories evolve towards to the direction of
increase eplison and decrease of S (1)3 after passing the turn-
ing point; For the case of varying C in ΛHDE (lower-right
panel), the curves {S (1)3 , } also have the similar characteristic
as the case of varying Ωde0. These results further verify that
for ΛHDE, the curves of CND pairs {S (1)3 , } have qualitative
differences while varying the values of Ωde0 or C.
Fig. 5 is the the evolutionary trajectories of the CND pair
{S (1)4 , } for HDE (left panels) and ΛHDE (right panels), with
varying ΩΛ0 (upper panels) and varying C (lower panels).
Similarly, the same characteristic is still workable for the evo-
lutionary trajectories of CND pairs {S (1)4 , }: for the ΛHDE
model, the curves of CND pairs {S (1)4 , } with varying Ωde0 or
C have qualitative differences, which is more distinct than the
differentiation of curvilinear shape in HDE.
For particluar analysis of Statefinder hierarchy for NADE
and RDE, see [54]. To show the relative trend and location of
evolution trajectories for ΛHDE compared with other holo-
graphic type DE models, we add NADE and RDE for com-
parison. As shown in Fig. 6, we compare the evolution tra-
jectories of {S (1)3 , } and {S (1)4 , } for HDE, ΛHDE, NADE and
RDE. For all models except single-parameter NADE model,
we fix Ωde0 = 0.7 and choose typical values of the parame-
ters which are close to the current observational constraints
of each model. In HDE, the parameter C takes 0.6 [60].
In ΛHDE, ΩΛ0 is 0.4 and C takes 0.6 [46]. For NADE
which is a single-parameter model with the initial condition
Ωde(zini) = n2(1 + zini)−2/4 at zini = 2000 [61], we choose
n = 2.6 [62]. In RDE, α takes 0.40 [63]. For ΛHDE, we can
also vary the value of ΩΛ0 and meanwhile fix the values of
Ωde0 and C. For detailed analysis of Statefinder hierarchy for
this case, see previous work of our group, and w′−w analysis
for this case see Sec. 4.3.
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Figure 4 The evolutionary trajectories of the CND pair {S (1)3 , } for the HDE model (left panels) and the ΛHDE model (right panels), with varying Ωde0 (upper
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4.3 Analysis of the w′ − w diagnostic
We show in Fig. 7 the evolutionary trajectories of the
w′ − w analysis for holographic type DE models, with vary-
ing Ωde0 and other parameters fixed. Since NADE is a single-
parameter model by applying the initial condition Ωde(zini) =
n2(1 + zini)−2/4 at zini = 2000 [61], when parameter n takes
different particular values, Ωde0 get different values respec-
tively. Unlike the other two-parameter holographic type
model, NADE can’t fix parameter Ωde0 and meanwhile vary
parameter n or vice versa. Note that n takes 2.5, 2.6, 2.7 and
2.8 approximately correspond to the Ωde0 0.66, 0.68, 0.70 and
0.72 respectively. Therefore we only plot the case of varying
parameter n for NADE in lower-left panel of Fig. 8 which can
also represent the result of varying parameter Ωde0. In addi-
tion, we also plot the evolutionary trajectories of the w′ − w
analysis for the case of varying the value of ΩΛ0 among 0, 0.2,
0.4 and 0.6 and meanwhile fixing the values of Ωde0 = 0.7 and
C = 0.6 in FIg. 7 (lower-right panel).
For HDE, NADE and RDE, the trajectories of {w,w′} over-
lap together substantially during the whole evolution history
while varying Ωde0 In contrast, as shown in upper-right panel
of Fig. 7, adopting different values of Ωde0 has quantitative
impacts on the cosmic evolution of the ΛHDE model which is
significantly different with other holographic type DE mod-
els. Specifically, the trajectories of {w,w′} have a trend of
coincidence in high-redshift region but this trend of coinci-
dence is separated with the decrease of redshift. As for the
case of varying ΩΛ0, the curves of {w,w′} has quantitative
impacts during the cosmic evolution for ΛHDE (lower-right
panels). Note that the {w,w′} curves of ΛHDE associated
with ΩΛ0 , 0 is clearly distinguished from the particular
curve with ΩΛ0 = 0 in which ΛHDE degenerate into HDE.
Therefore, these results show the uniqueness of ΛHDE in
w′ − w analysis compared with other mono-component holo-
graphic type DE models.
As shown in Fig .8, we plot the evolution of w′ versus
w for the HDE (left panels) and ΛHDE (right panels), with
varying numerical parameter (C for HDE and ΛHDE; n for
NADE; α for RDE) and other parameters fixed. Since NADE
is a single-parameter model, the evolutionary trajectories of
NADE are overlap together substantially which is similar to
the case of adopting different Ωde0 for HDE and RDE in Fig
.7. For both HDE and RDE, the curves have a trend of co-
incidence in high-redshift region, but have quantitative dif-
ferences in low-redshift region (lower panels). For ΛHDE
(upper-right panel), the evolution also degenerate in high-
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Figure 7 The evolutionary trajectories of the w′ − w analysis for holographic type DE models, with varying ΩΛ0 and other parameters fixed. The current
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the time directions of cosmic evolution (z→ 0).
redshift but showing qualitative differences between different
values of C in low-redshift, which can be a specific property
to distinguish other mono-component DE models. In detail,
the curves associated with C = 0.2 and C = 0.4 are in differ-
ent evolutionary shape compared with the curves of C = 0.6
and C = 0.8 in low-redshift region.
5 Conclusion and Discussion
In this paper, we diagnose holographic type DE models
with the Statefinder hierarchy, composite null diagnostic and
w − w′ analysis. In particular, we diagnose ΛHDE which
is a bi-component DE model compared with other mono-
component DE models.
Specifically, for the case of varying Ωde0 or C in HDE, all
the trajectories of S (1)3 (z), S
(1)
4 (z), (z), {S (1)3 , } and {S (1)4 , }
have same shape and similar evolutionary trend. In contrast,
adopting different values of Ωde0 or C has qualitative impacts
for ΛHDE. This means that, the differentiation of curvilinear
shape between different values of parameters for ΛHDE is
more distinct than the original HDE model.
In addition, S (1)4 can always give larger differences among
the cosmic evolutions of the holographic type DE models
than S (1)3 , which makes us easier to distinguish different theo-
retical models. Moreover, compared with S (1)3 (z), S
(1)
4 (z) and
(z), CND pair has significantly different evolutionary trajec-
tories, which are more effective on diagnosing diverse theo-
retical DE models.
Moreover, the results of w′ − w analysis for holographic
type DE models show the special feature of ΛHDE. To be
specific, for HDE, NADE and RDE,the trajectories of {w,w′}
overlap together substantially during the whole evolution his-
tory while varying Ωde0. In contrast, adopting different values
of Ωde0 or ΩΛ0 has quantitative impacts on the cosmic evo-
lution of ΛHDE, which is significantly different with other
mono-component holographic type DE models. For the case
of varying numerical parameter, the evolutionary trajectories
of NADE are overlap together. For both HDE and RDE, the
curves have quantitative differences in low-redshift region.
As for ΛHDE, the evolution shows qualitative differences in
low-redshift, which can be viewed as a specific property to
distinguish other mono-component DE models.
Therefore, we can conclude that compared with HDE,
RDE and NADE, the ΛHDE model can be easily distin-
guished by using these diagnostic tools.
Recently, it is found that the redshift-evolution of super-
nova color-luminosity parameter β [64, 65] may change the
fitting-results of parameter estimation for various cosmolog-
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Figure 8 The evolutionary trajectories of the w′ − w analysis for holographic type DE models, with varying numerical parameter (C for HDE and ΛHDE;
n for NADE; α for RDE) and other parameters fixed. The current values of {w,w′} are marked by the round dots. For the ΛCDM model, {w,w′} = {−1, 0} is
marked by hexagram for comparison. Note that the arrows indicate the time directions of cosmic evolution (z→ 0).
ical models [66–69]; moreover, this systematic error of su-
pernova may have significant effect on the studies of various
cosmological problems [70–74]. Therefore, it would be in-
teresting to revisit the ΛHDE model by taking into account
this new factor. This will be studied in future works.
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